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1 Introduction. 

Let Mg denote the moduli space of Riemann surfaces of genus g. We may write Mg = Tg/T, 
where Tg is the Teichmiiller space of genus g surfaces, and F is the mapping class group. Let N{R) 
denote the number of closed geodesies in Mg oi length at most R. Then N{R) is also the number 
of conjugacy classes of pseudo-anosov elements of the mapping class group of translation length at 
most R. Our main result is the following: 



Theorem 1.1 As R ^ oo, we have 
where h ~ 6g ^ g. 

In the above theorem and below, the notation A ^ B means that the ratio A/B tends to 1. Even 
though we assume that that the surface has no punctures here, most of the results also hold on 
Mg^n, provided h is replaced by 6(7 — 6 + 2n. 

In the proof of Theorem 11.11 the key is to estimate the number of closed geodesies which stay 
outside of compact sets. 

Theorem 1.2 Let Nj{S, R) denote the number of closed geodesies ^ of length at most R inAig such 
that for each point X ^ ^ , X has at least j curves of length less then S. Then, for all e > there 
exists S > and C ~ C{e) such that for all j , 1 < J < 3g — 3, and all R > 0, 

Nj{d,R) < Ce(''^^+')^. 

Let /C be a compact subset of Aig- We let N'^{R) denote the number of geodesies in Mg of length 
less then R which never intersect /C. Letting j = 1 in Theorem 11.21 we obtain the following: 

Corollary 1.3 For every e > there exists a compact set JC and C = C'{e) such that for all R > 0, 
Corollary [TT3] is complimentary to the following result: 
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Theorem 1.4 (Rafi, Hammenstadt) For any compact JC, and sufficiently large R, 



iV'=(i?) > eC'-i)^. 

Previous Results. The first results on this problem are due to Veech [Vej. He proved that there 
exists a constant C2 such that 

ti < lim ml < lim sup < C2 

fl^oo R fl^oo R 

and conjectured that C2 = h. In a remark in a paper by Ursula Hamenstadt jHl| (see also |H2| ) . in 
which the main focus is different, she proves that C2 < (6g — 6 + 2n){6g — 5 + 2n). 
Sasha Bufetov [Buj proved the formula 

hni = h, (1) 

where N{R) is the number of periodic orbits of the Rauzy- Veech induction such that the log of the 
norm of the renormalization matrix is at most R. (This is a closely related problem; essentially 
N{R) counts closed geodesies on a certain finite cover of Mg). However the equation ([1} does not 
easily imply 

lim '-2i^ = h. (2) 

Very recently, Kasra Rafi |Ralj proved Corollary 11.31 (which implies ^) for the case of the five- 
punctured sphere. 

Remarks. We note that ([2]) is an immediate consequence of Theorem 11.11 which is a bit more 
precise. In order to prove Theorem 11.11 one needs Corollary 11.31 and certain recurrence results for 
geodesies, which arc based on [Athj . 

Acknowledgements. We would like to thank Kasra Rafi who suggested a major simplification of 
the proof of Theorem 11.21 We would also like to thank Howard Masur for many useful discussions 
(including the proof of Lemma 12. 2p and also William Cavendish whose lecture notes were used for 
part of this paper. 



2 Geodesies in the thin part of moduli space 

In this section we prove Theorem 1 1.2 1 The main idea, which is due to Margulis, is to prove a system 
of inequalities, which shows that the flow (or more precisely an associated random walk) is biased 
toward the thick part of Teichmiiller space. Variations on this theme have been used in [EMM], 
pM] and [Ath] . 

Notation. Let p denote the natural map from Tg to M.g = Tg/T. Let Qg denote the Teichmller 
space of unit area quadratic differentials on surfaces of genus g, and let tt : Qg ^ Tg denote the 
natural map. The space Qg carries a natural normalized smooth measure /i, preserved by the action 
of F. We set m = 7r*/i. 
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2.1 A system of inequalities. 

Suppose < s < 1 (in fact we will be using s = 1/2 only). Let t ^ 1 be a parameter to be chosen 
later. (In particular we will assume e"'^"'^"''^'^ < 1/2.) Let Ar be the operator of averaging over a 
ball of radius r in Teichmiiller space. So if / is a real-valued function on Teichmiiller space, then 

m{B[X,T)) Jb{x,t) 

Remark. In |EM| . |Athj and |EMM| the average is over spheres. In this context, we use balls, since 
Minsky's product region theorem gives us much more precise information about balls then about 
spheres. 

Let m be the maximal number of disjoint curves on a closed surface of genus g. Choose K > e^™'^, 
and pick constants ei < £2 < ■ ■ ■ < < such that for all 1 < i < to — 1, 

Note that K and ei, . . . , em are constants which depend only on r and the genus g. 

For 1 < i < m and X G Tg \et £i{X) denote the extremal length of the i'th shortest curve on X. 
Let fo — l and for 1 < < to let 

/.w- n 

l<i<J 



Note that is invariant under the action of the mapping class group, and thus descends to a function 
on Aig. Let 

m 

u{X) = Y,f,{X). 
fc=i 

Let = e-i/{mK^). Let 

W,={XeTg : Vi(X)>e;}. 

Note that Wq is compact, and on Wj there are at most j short curves. li X ^ then X has 

at least j short curves, and thus if X € Wj \ Wj^i then X has exactly j short curves. 
In this subsection, wc prove the following: 

Proposition 2.1 Set s = 1/2. Then we may write 

{A,u){X) <ciX)u{X) + b{X), (4) 

where b(X) is a bounded function which vanishes outside the compact set Wq, and for all j and for 
all X ^ Wj^i, 

c{X) < C'jT^e-^^, 

where C'j depends only on the genus. 

We now begin the proof of Proposition [2TTJ We recall the following: 
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Lemma 2.2 There exists Lq > (depending only on g) and for every L > Lq there exist constants 

< ci < C2 such that for all X € Tg, 

ci < m{B{X,L)) < C2 
The constants c\ and C2 depend on L and g (hut not on X). 

Proof. Suppose X e Tg- Let ai, . . . , be the curves on X with hyperbohc length less then e 
(where e is the Bers constant). Let denote the hyperbolic length of aj. Then the extremal length 
Extx(Q!j;) ~ Oi (by e.g. |Mi| ) . It follows from the Kerchhoff formula for the Teichmiiller distance 
CITE... that for all Y G B{X,L), 

ExtY(aO < i^Extx(a.O < Ci^a,, 

where C depends only on the genus. Then, in view of the definition of extremal length, for any area 

1 holomorphic quadratic diiferential qonYG B{X, L), 

ig{a,y < Exty(a,) < CL\,, (5) 

where €,(•) denotes length in the flat metric defined by q, and C depends only on the genus. Thus 
any flat metric in the conformal class of a surface in B{X, L) has curves of flat length at most 
L\/Cai. 

Let be a fundamental domain for the action of F on 7^ . Then, in view of ([5|) , and the definition 
of the measure m(-), for any 7 G F, 

k 

m{B{X,L)njJ') <CY[CL^a, (6) 

Let Ix,L denote the set of elements 7 G F such that B(X,L) D is non-empty. We will now 
estimate the size of Ix,l- 

Note that up to uniformly bounded index (the bound depending on g and V) Ix.l consists only 
of twists around the ai. By |Mij . the number of twists around a; which one can take and still stay 
in B{X,L) is 0{L^/ai). Thus, 

i/x^Li^c^n^j-. (7) 

Now the upper bound of Lemma 12.21 follows from ((6)) . 

Wc now bricfiy outline the proof of the lower bound. Let R C Qg/F be the set of flat structures 
such that each S £ R has flat cylinders d with width (i.e. core curve) between y/oi and and 
height between l/(.g-y/a7) ^^"^ l/(2.g-v/ai)i ^^^^ the rest of the arcs in a triangulation of S* G i? have 
length comparable to 1. It is easy to verify using the definition of the measures n and m that 

k 

ni{TT{R)) > fi{R) > cY[a„ (8) 

i=l 

where c depends only on the genus. Note that by |Ra2| for any Y G 7r(i?), the only short curves on 
Y (in the hyperbolic or extremal metric) are the core curves of the cylinders Ci, and the extremal 
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length of the core curve of Ci is within a constant multiple of a^. Thus, there exists a constant L' 
depending only on the genus such that 



7r(i?) C B{X,L'). 

Note that the above equation takes place in Tg/T. We may think of it as taking place in Tg if we 
identify ■n{R) with a subset of the fundamental domain T. Then, for any 7 g Ix,L', 

jTr{R) C B{X,2L'). 

Thus, in view of © and (g]), 

m(B(X,2i')) > |/x,L'|m(^(-R)) > c, 
where c depends only on the genus. □ 

If tti, . . . , aj are disjoint curves let P{ai, . . . ,aj) denote the product region where for all 1 < i < 
j, the extremal length of is at most Kei. 

Lemma 2.3 Suppose 1 < j < m, 1/2 < s < 1, and suppose X and r are such that B{X,t) is 
completely contained in P{ai, . . . , aj). Also suppose that for all y G B{X, t), the set {ai, . . . , aj} 
coincides with the set of the j shortest curves on y. Then 

iArfj){X)<Cjf,{X), 

where for 1/2 < s < 1, 

c,=Q(5)e-2^-(i-)^ (9) 

and if s = 1/2, Cj = C-jT^e'^''. 



Sketch of proof. The product region theorem [Mij states that P{ai, . . . ,aj) can be identified with 
a subset of (H^)-' x T' (where T' is the quotient Teichmiiller space obtained by collapsing all the 
a,;), and the Teichmiiller metric on P{ai, . . . ,aj) is within an additive constant of the supremum 
metric on (H^)-' x T'. Let m' denote the product measure on (H^)^ x T', and let A'^ denote the 
averaging operator with respect to the product measure m', i.e. for a real-valued function /, 

{Kf){X) = ] f fiy) rfm'(y). 

m.'{B{X,T)) Jb{x.t) 

We first establish the lemma with At replaced by A'^. 

We may write X = {Xi, . . . , Xj,X') where X^ is in the fc'th copy of the hyperbolic plane and X' £ 
T'. Because of the product region theorem B{X, r) is essentially B{Xi,t) x . . . x B{Xj,T) x B'{X' , r) 
where for 1 < fc < j', B{Xi.,t) is a ball of radius r in the hyperbolic plane and B'{X,t) a ball of 
radius r in T'. Also, by assumption, for any Y G B{X,t) the set of k shortest curves on Y is 
{ai, . . . , ak}. Thus, for Y e B{X, r), with F = (Yi, . . . , Yj , F'), we have 

f,iY)^ie^...e,rf[eiY,)-^-^ 

fc=i 
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where for Yj G H^, £{Yj) is the flat length of the shortest curve in the torus parametrized by Yj. 
(The exponent is 2s instead of s since on the torus extremal length is the square of flat length). 
Hence, 

(KmX) « (ei . . . e,y n ( ^^ur,]y ^ / i{Y)-'^dYol{Y)] , (10) 

fc=l V Vol(S(Xfe,T) JB{Xk,T) J 

where Vol is the standard volume form on H^, and the notation A Ri B means that the ratio A/B 
is bounded from above and below in terms of the genus. Now the integral in the parenthesis, i.e. an 
average of £~'' over a ball in a hyperbolic plane is essentially done in |EM1 Lemma 7.4] (except that 
there the average is over spheres, but to get the average over balls one just makes an extra integral 
over the radius). One gets for 1/2 < s < 1, 

Vo\{B{X,t) Jb(x,t) 

and for s = 1/2, 

Substituting these expressions into (|10p completes the proof of Lemma 12.31 with A'^ instead of Ar . 

Recall that a set N is an (c, 2c) separated net on a metric space X \i N G every point of X 
is within 2c of a net point, and the minimal distance between net points is at least c. In view of 
Lemma [2?2| for any (2, 2c) separated net M in any Teichmiiller space (including H^), for r ^ 1 and 
any X, 

ci\B{X,T)r\N\ < m{B{X,T)) < C2\B{X,T)nAf\, (11) 
where Ci, C2 depend only on c and the genus. Similarly, in view of the form of the function f^, 

Cl J2 hiy)<f h{Y)dm{Y)<C2 MY)- (12) 

B{x,T)nN' •>b(x,t) B(x,T)nJ^ 

Let d(-, •) denote the Teichmiiller metric and let (i'(-, •) denote the supremum metric on (H^)^ xT'. 
Minsky's product region theorem states that there exists a constant /3 > depending only on the 
genus such that for aU X,Y e P(ai, . . . , a^), \d{X,Y) - d'{X,Y)\ < /3. Choose L > /3, and 
choose a (L, 2L)-separated net Mk in each factor. Let Af be the product of the A4- Then M is an 
{L — /?, 2L + /?)-separated net in P(ai, . . . ,aj). Now in view of ([TT|). 

j 3 

m(B(X,T)) « \B{X,T)nN\ « II \BiXk,T)nMk\ ^ Y[ni'{B{Xk,T)) ^ ni'{B{X,T)) 

fe=l k=l 

(In the above equation, A ^ B means that the ratio A/B is bounded by two constants depending 
only on /3, L and g, and thus ultimately only on g). Similarly, using p2[) . we can show that 

/ h{Y)dm{Y)^ f fk{Y)dm'{Y). 

JB(X,t) JB(X,t) 
Thus {K.fk){X) « {Arfk){X). □ 
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Remark. The proof works even if at some point Y G B{X, r) there are short curves other then 
{ai, . . . ,aj} (but these other curves are longer then the maximum of the lengths of the aj at Y). 
This is used in the next lemma. 



Lemma 2.4 For 1 < j < m, let Uj{X) = X^fcLj fji-^)- Suppose £j{X) < ej. Then (assuming t is 
large enough), 

{ArU,){X)<(^c, + ^^u,{X), (13) 

where Cj are as in (0). In particular, letting j = 1, and noting that the set {X G Mg : ii{X) > ei} 
is compact, we have for all X £Tg , 

{ArU^){X) < (^ci + u,{X) + bir). 

Proof. Note that for any 1 < i < m, and any X E Tg, 

^MX) < {Ar.mx) < KMX) (14) 

(this is because in B{X, r) the extremal length of any curve cannot change by more then e^^). 

We divide the set + m} into two disjoint subsets: Let Ii be the set of k E j + . . . m} 
such that 

MX) < (15) 

and let I2 be the set of fc € {j, + 1, . . . m} such that the opposite inequality to ([T5|) holds. Suppose 
k e h. Then, by (HI, (ArfkKX) < ^fk{X), and thus 

Y.{A^h){X)<^u,{X). (16) 

fce/i 

Now suppose k & l2- We claim that 

ikiX) < {2mK^Y''eu. (17) 
Indeed, if fc = j then p7p is true by assumption. If fc > j then 

„ (x\ > f (x\ f (X) /"^fcWV > {^'^^^^ 

uAx)>f,Mx)^Mx)^—-j >^-^i^-— 

where we have used the inequality opposite to (fTS)) in the last estimate. Thus (flT)) follows. 
Wo now claim that under the assumption that fc e /2 we have 

ik+iiX) > K^ikiX) (18) 

li k = m this is clear from ([T7| (since in the case where £m{X) is small, there are no other short 
curves on X). Now if fc < m, then 



u,{X) > h+i{X) = MX) -^i^T > 



4+1 (X)y - 2mK^ \ik+iiX) 
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where again we used the inequaUty opposite to (jlSp in the last estimate. Thus, 

Now (UHl) fohows from (fT9|). (fT7| and p. 

Now in view of (fTT]) and (fTS]). Lemma [231 can be apphed to fk- Thus, for k £ I2, 

iArfk){X) < CkfkiX) < c^hiX) (20) 

where for the last inequality we assumed that t was large enough so that Ck < Cj for k > j. Now 
(HH) follows from (HH) and (HOI)- □ 



Proof of Proposition [2711 Suppose X ^ Wj-i. We may write 

k=l 

Note that for X ^ Wj-i and k < j, fk{X) < Uj{X)/{mK^). Hence, (g]) follows from ^ and (Hi 
□ 



2.2 A uniform estimate for the measure of a ball. 

Proposition 2.5 There exists a constant C2 such that for any X , any S" > and any sufficiently 
large t, the volume of any B{X,t) is bounded by C2e'^^^^ ^'^ . 

Proof. See Appendix. □ 

2.3 Proof of Theorem [lH 

We discretize Teichmiillcr space by fixing a (1,2) separated net J\f C Tg', this means that the distance 
between any two net points is at least 1, and any point in Teichmiillcr space is within distance 2 of 
a net point. 
Let 

G{X)= II UX)-'/^. 

l<i<m 

We note that there exist constants ki and K2 such that for all X E Tg, 

niu{X) < G{X) < K2u{X), (21) 

where the Hi depend on r and the (and thus ultimately only on r and the genus). 

Trajectories of the random walk. Suppose i? ^ r and let n be the integer part of R/t. By a 
trajectory of the random walk we mean a map A : {0, n — 1} — > 7g such that for all < fc < n — 1 
we have d{Xk, Xk~i) < t and also Afc belongs to the net J\f we are using in Tg- Let ViX, R) denote 
the set of all trajectories for which d{XQ,X) = 0(1). It is a corollary of Proposition 12.51 that 

\V{X,R)\<C2e'^''+^"^^, (22) 
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where | • | denotes the cardinahty of a set. 

We say that a trajectory is almost closed in the quotient if the distance in Mg between the 
projection to Mg of A(0) and the projection to Mg of A„_i is 0(1). 

Let (5 > be a constant to be chosen later. (We will have i5 < e'j for 1 < j < m, where the e'j 
are as in ^i^. For j G N, let Pj{X, S, R) denote the set of all trajectories starting within 0(1) of X 
for which at any point, there are at least j curves of length at most 6. Let Pj{X,5, R) denote the 
subset of these trajectories which is almost closed in the quotient. 

Lemma 2.6 For any j G N, and any e' > there exists C > such that for r large enough 
(depending on e' and the genus g), and S > small enough (depending on t, e' and g), 

iVjiX, 5,R)\ < Ce^^-^+''^^. (23) 

Here C depends on t, 5, e' and g. 
Proof. Let R = nr, and let 

q,{X,R)= "(^"-l) 
xer-i{x,3,R) 

Note that if A e Vj(X,S,R) then G{X) w G(A„_i) < K2u(A„_i). Therefore, 

|P,(X,5,i?)|<^ E ^2u{K-i) = ^qAX,R), (24) 

X£VjiX,S,R) 

where Ci 0(1). For < r = fcr < i? let 

qj(X,R,r)= Y w(Afe_i), 

where the elements of Vj {X, S, R, r) are the trajectories A belonging to Vj {X, 5, R) but truncated 
after k = r/r steps. Then 

q,iX,R,r + T)= J2 

XeVj{X,S,R,r+T} 

= E E "(^^) 

XGrj{X,S,R,r) XkeN'nB(Xt-i,T) 

<C J2 I <y)dm{y) 
= C r^{B{Xk.T)) {Aru){\k-i) 

X£Vj(X,S.,R.r) 

where in the next to last line we estimated a sum over A/'n i3(Afe_i,r) by a constant C times an 
integral over B(Afe_i,r). 

Note that for A £ VjiX, S, R), the number of curves shorter then 6 on Aa;_i is at least j. Thus, 
if 5 is small enough, (depending on the the and thus ultimately only on r and the genus), 



9 



Xk~i ^ Then, from Proposition [5TT1 and assuming r is large enough so that Proposition 12.51 

holds with S" < e'/2, we get 

qjiX,R,r + T) <C e(''+^'/2)-Cjre-J"u(Afc_i) =CCjre(''+(^'/2)-J>g^.(X,i?,r). (25) 

Now iterating (P5| n = R/t times we get 

qjiX, R) < 'a(X)(C:Cj)"r"e('*-J'+''/2)"^ = u(X)e(''-^+'^'/2+^^^^^^)« (26) 

We now choose r so that '"s^'^^j^^ <e'/2. Now the lemma follows from and □ 

Let Nj{X, S, R) be the number of conjugacy classes of closed geodesies of length at most R which 
pass within 0(1) of the point X and always have at least j curves of length at most S. 

Lemma 2.7 For any e' > we may choose r large enough (depending only on e' ) so that for any 
X €Tg, any 6 < 1/2 and any sufficiently large R (depending only on e',T) we have 

Nj{X,S,{l^e')R) < C\rj{X,2S,R)\. (27) 



Proof. Let Ix denote the subset of the mapping class group which moves X by at most 0(1). Then 
up to uniformly bounded index, Ix consists only of Dehn twists around curves which are short on 
X. 

Now consider a closed geodesic X in A4g which passes within 0(1) of p{X) (recall that p denotes 
the natural map from Tg — > -Mg)- Let [A] denote the corresponding conjugacy class in F. Then 
there are approximately \Ix\ lifts of [A] to Tg which start within 0(1) oi X. Each lift 7 is a geodesic 
segment of length equal to the length of A. 

We can mark points distance r apart on 7, and replace these points by the nearest net points. 
(This replacement is the cause of the e'). This gives a map 4' from lifts of geodesies to trajectories. 
If the original geodesic A has length at most (1 — e')R and always has j curves shorter then 6, then 
the resulting trajectory belongs to VjiX, 26, R). 

If two geodesic segments map to the same trajectory, then the segments fellow travel within 0(1) 
of each other. In particular if gi and 52 are the pseudo-anosov elements corresponding to the two 
geodesies, then d{g2^giX,X) = 0(1), thus 5^^(71 S Ix- 

We now consider all possible geodesies contributing to Nj{X, S, (1 — e')R); for each of these we 
consider all the possible lifts which pass near X, and then for each lift consider the associated random 
walk trajectory. We get: 

N,{X,d,{l-e')R)\Ix\ < C\Ix\\r,{X,26,R)\ 

(the factor of \Ix\ on the left hand side is due to the fact that we are considering all possible lifts 
which pass near X, and the factor of \Ix\ on the right is the maximum possible number of times a 
given random walk trajectory can occur as a result of this process). Thus, the factor of \Ix\ cancels, 
and the lemma follows. □ 

The following lemma is due to Veech [Vej . 
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Lemma 2.8 Suppose A G Mg is a closed geodesic of length at most R. Then for any X G X, 
^i(^) ^ ege^^^^"^-*^, where Eg depends only on g. 

Proof. We reprodce the proof for completeness. Let X be some point in Tg withp(X) = X. Suppose 
the esitmate is false, and let a be a curve on X with hyperbolic length less then e'Qe~^^^~^^^. Let 7 
be the element of the mapping class group associated to the lift of A passing through X. 

Recall that for very short curves, the hyperbolic and the extremal lengths are comparable. There- 
fore Ext„(X) < e'^e-'^^s-'i)R^ Therefore, by Kerchhoff's formula, for j € N, 

Ext^.„(X) = Ext„(7^X) < e;'e-(69-4+2j)i? 

In particular, for 1 < j < 3.g — 2, Ext^j„(X) < Eq. Therefore (assuming that ej, is small enough), 
for 1 < j < 3g — 2, the curves ^^a are disjoint. This is a contradiction. □ 

Proof of Theorem 11.21 Let e' = e/8. By Lemma [2.71 and Lemma [2.61 we can choose r and 6 so 
that ([27|l holds and also ([23]) holds with S replaced by 26. We get, for sufficiently large R, 

Nj{X, 6, R) < c"e(''-^'+^/2)^. (28) 

Finally Nj{S,R) is at most J2x ^ji-^^^' where we have to let X vary over a net points within 
distance 1 of a fundamental domain for the action of the mapping class group. In view of Lcmma [2.81 
the number of relevant points in the net is at most polynomial in R. Thus Theorem 11.21 follows . □ 



3 Recurrence of Geodesies. 

For a compact subset K, of A4g and a number 6* > let N^{6,R) denote the number of closed 
geodesies 7 of length at most R such that 7 spends at least 0- fraction of the time outside JC. 

Theorem 3.1 Suppose 9 > 0. Then there exists a compact subset JC of M.g and (5 > such that for 
sufficiently large R, 

N'^{0,R) < eS''-^^'^. 

Proof. In view of Corollarv 11.31 there exists a compact set JCi, such that the number of geodesies 
which do not return to /Ci is (9(e(''^o.99)fl-| ihexi using Proposition 12 . 1 1 and |Ath| Corollary 2.7] 
(cf. |Ath| Theorem 2.3]) , there exists a compact set /C depending on /Ci, 9 and there exists 5' > 0, 
such that the number of random walk trajectories which start in /Ci spend at least ^-fraction of the 
time outside of JC is at most eS'^~^ (Note that even though |Athl Corollary 2.7] is not stated with 
an exponential bound, the proof does in fact imply this, as is done in the statement and proof of 
[Athl Thco rem 2.3]). It follows that the same kind estimate is true for the number of geodesies (sec 
the proof of Lemma [277| . □ 

A Tcichmiillcr geodesic 7 is in fact a path in the unit tangent bundle of Aig, i.e. the space Qg/T, 
where Qg is the space of unit area holomophic quadratic differentials on surfaces of genus g. Let 
P(l,...,l) C Qg denote the principal stratum, i.e. the set of pairs (M, q) where g is a holomoprhic 
quadratic differential on M with simple zeroes. As above, for a compact subset )C of V{1, • . . , 1) and 
6' > we denote by N^{9, R) denote the number of closed geodesies 7 of length at most R such that 
7 spends at least 6'-fraction of the time outside IC. 
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Theorem 3.2 Suppose 9 > 0. Then there exists a compact subset K, C 7^(1, ...,1) and 5 > Q such 
that for sufficiently large R, 



The rest of this subsection wiU consist of the proof of Theorem [ 
Choosing hyperbolic neighborhoods of points. If 5 e Qg is a pair (M, q) where M is a genus 
g surface and g is a quadratic differential on A/, then we let (.{S) denote the length of the shortest 
saddle connection on S (in the flat metric defined by q). Let d-j-{-, •) denote the Tecihmller metric. 
Suppose /Ci C A^g is a compact set. For simplicity, we denote the preimage of /Ci in Tg by the same 
letter. 

As in |ABEM1 §2], we denote the strong unstable, ubstablc, stable and strong stable foliations 
of the geodesic flow by J^"", J^", and respectively; for a given quadratic differential g, 

:F''{q) = {<?! e Q% I Re(gi) = Re (<?)}, .F'(g) = {<?i e Q% \ [Re(gi)] = [Re(<7)]}, 

and 

-^""(g) = {qi e Q% I Im(9i) = Im(g)}, J-""(<z) = {qi G Q% \ [lm{q^)] = [lm{q)]}. 

We consider the distance function defined by the modified Hodge norm d^; on each horosphere J^'*^ 
and let dsi-, •) denote the Euclidean metric as defined in jABEMl §8.4]. 

To simplify the notation, let qx,y € Q^{x) be the quadratic differential such that gdr(x,y){<l) •= 
Q^{y). Then we will have: 

Lemma 3.3 Given p, e > 0, and JCi C Tg, there exists po > (depending only on ICi), and Lq = 
Lq{ICi, e, p) such that if x G K-i , po ^ K-i, d']-{po,pi) < po, d-j-{x,pi) = L > Lq, and 

{s |se [0,L] , ^(5s(gx,po)) > e} > l/2i, 

then 

where q is the unique quadratic differential in F^^{qx^p„) H F^{qx,pi)- 

Remark. Note that given gi,g2 £ Q}Tg, \F'^^{qi) r\F-'^{q2)\ < 1. In general, this set can be empty, 
but if q2 is close enough to qi then D F''{q2) ^ 0. The proof of Lemma (3.31 implies that 

when Po is small and Lq is large J^""(gx.po) ^ ■^'^{qx,pi) 7^ 0- As a consequence we will show: 

Lemma 3.4 Suppose e > 0, and 7 : [0,i] Qg is a geodesic segment (parametrized by arclength), 
such that (jp o 7r)(7(0)) G /Ci, {p o Tr){j{L)) e K-i and 

\{te[0,L] : £(7(0) > 41 > (l/2)i- 

Then there exists a constants Lq, depending only on e and ICi, and Cq depending only on ICi such 
that if L > Lq and if for any points pi,P2 with d-j-(j:)i,Tr(j{0)) < cq, df{p2,'!r{'^{L))) < cq, if we let 
7(t) be the geodesic segment connecting pi and p2, then 

\{te[0,L] : £(7(0) > e/2}| > (1/3)L. 
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Hodge and Euclidean distance functions on the stable and unstable foliations. First, we 
briefly recall some useful decay properties of the Hodge aud Euclidean distances proved in jABEMl 
§8.4, §8.5]: 

• PI: Given e > 0, there exists e' > such that if £{qi) > e and dE{qi,q2) < e' then £{q2) > e/2. 

• P2: Assume that /Ci C 7^ is the preimage of a compact subset of A4g. Given pi > 0, there 
exists Po such that if qi e ^""^((72), T^iqi) G ^1, and dsiqi^qT) > Pi, then d7-(7r(qi), 7r(q2)) > Po- 

• P3: There exists Ci > such that if ^^(91, 92) < 1, qi <= -7^'^'* (92) and s > 

dEi9sqi,9sq2) < dH{gsqi,9sq2) < CidH{qi,q2); (29) 

• P4: Moreover, given e,/3 > , there exists Co, a > such that for any qi G T'^^{q2) with 
dH{qi,q2) < 1, and s > if 

\{t\te[0,s]Jigtqi)>e}\> Ps, (30) 

and gsqi E K-i, then 

dE{gsqi,gsq2) < dH{gsqi,gsq2) < Cae~°"'dHiqi,q2) (31) 

Note that in this case, by (|3T|) . there exists Lq{ depending only on /Ci, /? and e) such that for 
s > Lo, (pO| implies that : 

|{i|te[0,s],%tg2)>e/2}|>^s. (32) 

Proof of Lemma 13.31 Let Bsiq, r) denote the radius r ball with center q in the Euclidean metric. 
Since Ki is compact, there is a number pi > depending only on /Ci and e such that BE{q,pi) 
is contained in one fundamental domain for the action of the mapping class group F. Now let 
S'o = S{x) denote the sphere at cc, i.e. the set of unit area holomorhic quadratic differentials on the 
surface x. Let 7(t) = gt{qx,po)- For q e So near 7(0) = qx,po, let 

/(g)= J-™(g,,p„)nJ-^(g); 

in other words, we can choose t{q) G R be such that f{q) € J^^^{qx,po) and gt[q)q and f{q) arc on the 
same leaf of J^''". Then clearly f{qx,po) = fe.poi and there exists a number pa > depending only on 
/Ci such that the restriction of / to BE{qx,pa, Ps) H S'o is a homeomorphism onto a neighborhood of 
Qx,po in J'""{qx.pa)- In particular, for any q E BE{qx,pai P3)nSo, weknowthat J-™(g^,p„)nJ-''(<?) ^ 0. 
Let 

U= [j {gtq ■■ q e BEiqx,po,P3/2)nSo}. 

\t\<P3 

Claim: there exists po > depending only on /Ci, and Lq depending on e and /Ci such that for 
L > Lo, 

7rigLU)D Br{7TijiL)),po). (33) 
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This is straightforward (in view of the non-uniform hyperbohchty as in ([29|) and ([31]) ) but 
somewhat tedious argument. Let 

y= {j {9t+t{q)f{q) ■■ 9eSB(g^,p„,p3/2)n5o} c J""(q^,pJ. 

|t|<P3 

Then V is relatively open as a subset of J-"'{qx,po)- Let dV denote the boundary of V viewed as a 
subset oi T^{qx^pty). Therefore we can choose /O2 > depending only on /Ci such that for all q' £ dV , 

dE{q',qx,po) > P2 

By (|29p and the fact that dV C T^{qx,pg), this implies that for some constant (depending only 
on /Ci), ah q' € dV and all L > 0, 

dE{gLq\j{L)) > p'^. (34) 

Note that U C UteR^f^o = M x 6*0. Let dU denote the boundary of U viewed as a subset of 
R X 5*0. Suppose qi € dU. We may write qi = gtq for some q G S'o- Then the fact that qi G dU 
implies that either dE^q, qx.pa) = Ps/^ or \t\ = p^. In either case, let q2 = gt+t(q)f{q)- Then 52 G c^l^, 
qi and q2 are on the same leaf of J^'** , and 

dE{qi,q2) < C, 
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where C depends only on A^i. Hence, by (pS)) . we have 

dE{9Lqi,9Lq2) < C* • Co. (35) 

In order to prove the claim, we show that there exists Lq (depending only on /Ci and e) such 
that for L > Lq, 

dE{9Lqi.l{L))>p'2/2. (36) 

Suppose that ([55)) fails. Then: 

• by (pSj) . dE{gLq2ilL) < C2-, where C2 only depends on /Ci. On the other hand, we can choose 
|io| < such that gt„q2 e F'^^iq^^pa). Using ^1 for Qh+um e ^'"'{^l)-, we get that 

\{t\t ^[Q,Llt{gtq2) > e'}\> eos, 

where e', only depend on /Ci, and e. 

• Now we can apply (|35 for qi G J''"*((72),JJ.nd we get dsigLqi, 9Lq2) < Coe'°'^dH{qi,q2)- 
Therefore there exists Lq such that if i > Lq, dsigLqi, gLq2) < P2/2- Then, in view of (|34p . 
dE(.gLq2,l{L)) > P2 ■ So for aU gi G dU and ah L > Lq, dE{qLqi,-f{L)) > Pa/S- 

By P2, there exists po depending only on ICi such that for L > Lq and all qi e 

rfr(7r(ffL'Zi),47(i))) >Po- (37) 

Let (f) : U ^ Tg denote the map (j){q) = T^{gL{q))- Then (j) is continuous, and (f>{qx^po) — n{'y{L)). Now 
in view of ([57]) . holds. In other words, if dr(PO:Pi) < Po, and L > Lq, F^'^{qx^pQ)fM^'^{qx,pi) — q 
is well defined, and dEiq,qx,po) < P3- On the other hand, dH(gLqx,paigLq) < C, where C only 
depends on JCi. Therefore, we can use P4 to get 

dE{q,qx.pa) < Coe""-^C, 

where /3 = 1/2, and Cq, a > depend on e and /Ci. This shows that we can find Lq > Lq { depending 
on e, p, and /Ci) such that if L > ig we have 

dE{q,qx,po) < P- 

□ 

Proof of Lemma 13.41 It is enough to show that given e > 0, there exist cq > (dependoing 
only on /C) and Lq > Q { depending only on e and /C) such that if G /C, d-j-{pi,p2) < cq, 

d-j-{x,pi) = 7'i > Lo, and 

{s |0 < s < n , £{g,{qx,p,)) >e}> n/2, 

then 

{s |0 < s < ^2 , ^(.9,s(fe,pJ) > e/2} > ra/S. 

Let = qx,pi, and (as in the previous lemma) let q — f{qx.p2) be the unique point in J^""(qi) H 
J-'^{qx.p2)- Now let g2 be a quadratic differential of area 1 on the geodesic joining x to p2 such that 
(72 G J-'^'^{q); in particular, we have 

geJ-""(gi), geJ-^^(<z2). (38) 



15 



By PI, we can choose eo > such that if dE{q',q") < £o, and £{q') > e then £{q") > e/2. Then by 
Lemma [331 P4, and P2, we can choose cg < 1/2 (depending only on K-i) and Lq > such that for 
dfix^pi) ~ r > Lo, and dj-{pi,P2) < cq the followings hold: 

1. As in P4 ( for f3 = 1/2), there exists Co,a such that (pij) holds. Then Lq should satisfy: 

2. Also, by Lemma l373l if Lq is large enough 

dr{qi,q) < eo/4Co , dE{q,q2) < eo/4Co, 

and 

dE{9rqi,9rq2) < 1- 

As a result, from ([^ we get 

dE{9rq,grq2) < eo/4 and dE{grqi,9rq) < Ci, 

where Ci only depends on /Ci, and e. 

Consider the map between the points on the geodesic [xpi] to the points on [xp2] as follows: 

[xpi] [xp2] 

Qsqi gsq2- 

We can choose, < sq < such that \{t\s <t <r ,£{gtqi) > e}| = r/6, and let 

A = {t \0 <t < so Jigsqi) >e}. 
It is easy to check that \A\ > r/3. We claim that for s E A, we have 

dE{gsqi,gsq2) < eo- (39) 

This is because: 

• For any s G .4, ((511)) for grq and grQi and the interval (0,r — s) holds. Hence, by ([51]) . 

dE{gsqi,gsq) = dE{gs-r{grqi),gs-r{grq)) < eo/4; 

• by (Hi), 

dE{gsq,gsq2) < eo/4; 

• Finally, since qi £ T^^{q), dEigsqi, gsq2) < eo- 

Hence, for s e A, iigsqi) > e, dM]), and PI imply that ^(5592) > e/2. □ 

Proof of Theorem 13. 2i Choose 9i > . Let /Ci C Mg be such that Theorem [3?T] holds for 
IC = /Ci, and = 9i. Let /C2 be a compact subset of 7^(1, . . . , l)/r such that IC2 C p~^(/Ci), and 
let /C3 be a subset of the interior of IC2- We may choose these sets so that ^{JC^) > (1/2), where n 
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is the Lebesque measure on Qg/V normalized so that n{Qg/T) = 1. We also choose IC2 and JC3 to 
be symmetric, i.e if q € JC2 then —q g JC2 (and same for /C3). Then there exists e > such that 
for X G /C3, i{X) > e. Let cq be as in Lemma [XH We now choose a (ci,C2) separated net A/" on 
Tg, which ci < Cq, C2 < Co- We may assume that J\f Ci (K-i) is invariant under the action of the 
mapping class group. 

Suppose X £ Tg, and let S{X) denote the unit sphere at X, i.e. the set of area 1 holomoprhic 
quadratic differentials on X . Let 

U{X,T) = {qeS{X) : \{te[0,T] : g^q e IC^}\ > {1/2)T}. 

Let 

V{X,T)^ U 7:igtU{X,t)), 

0<t<T 

SO that V{X,T) is the subset of B{X,T) consisting of points Y G B{X,T) such that the geodesic 
from XtoY spends more then half the time outside K.2 ■ 

By |ABEM( Theorem 6.2], for any 61 > 0, there exists T > such that for any t > T and any 

X c AAnp-i(/Ci), 

m{mhdcAViX,T)np-\lCi))) < 0le''^ 

where Nbhda(A) denotes the set of points within Teichmller distance a of the set A. Then, since /Ci 
is compact and 0i is arbitrary, this implies that for any 62 > there exists T > such that for any 
T > T and any X e Af n p-^{ICi) , 

\Nr\V{x,T)r\p-\K:i)\ < 02e''\ 

By the compactness of ICi and jABEMl Theorem 1.2 and Theorem 10.1] there exists Ci > 1 such 
that for T sufficiently large and any X £ Af O p~^{ICi), 

C^^e^"- < \AfnB{X,T)\ < Cie''^ 

Thus, for any ^3 > there exists T > such that for t > T, 

\jVnv{x,T)np-\JCi)\ < e3\jVnB{x,T)\. (40) 

From now on we assume that r is sufficiently large so that PO)) holds. 

Let IC'i = Nbhdc2(/Ci), and let G{R) denote the set of closed geodesies in Mg of length at 
most R, and let G'^^{03,R) C G{R) denote the subset which contributes to N'^i{93, R). In view of 
Theorem 13. 11 it is enough to show that there exists Sq > such that for R sufficiently large, 

|S(i?)\e'^k^3,i?)| <e(''-^«)^ (41) 

As in fj2l we associate a random walk trajectory $(7) to each closed geodesic 7 E G{R)- Let 
'Pi[R) = ^[G{R) \ G'^^{d3, R)) denote the set of resulting trajectories. Note that by construction, 
every trajectory in Vi spends at most ^3 fraction of the time outside ICi. 

Suppose A = (Ai, . . . , A„) be a trajectory in Vi{R). Let J(A) denote the number of j, 1 < j < n 
such that 

A, ep-i(/CJ) or A,+i el/(A„r)Up-i(/C9. (42) 
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Let V2{R) C ViiR) denote the trajectories for which J(A) < {9/2)n. Then, as long as ^3 is chosen 
sufficiently small , the Law of Large Numbers implies that there exists Si > such that that for 
n = R/t sufficiently large, 

|^i(i?)\P2(i?)| <e('^-'^)«. 

Since every trajectory in Pi{R) intersects the compact set /Ci, for any A G Vi{R), the cardinality 
of $~^(A) is bounded by a constant C depending only on ICi. Thus, 

\<i>-\ri{R) \ r2{R))\ < CeC'-^i^^. 

To complete the proof we will show that there exists a compact set K, C 7^(1,...,1) such that 
any geodesic 7 g ^~^{V2{R)) spends at least 1 — 6 fraction of the time in /C. Indeed, suppose 
A = (Ai,...,A„) £ V2{R)- and 7 G $~^(A). Then there exist points qj = "i{t,j) G Qg such that 
qj G 7 and for 1 < j < n, d'j-{'rr{qj), \j) < C2 < cq. Now suppose j ^ >/(A). Then by Lemma [3.4[ 
there exists e' > depending only on ICi and e, and a point tj < t' < ij+i such that £{'j{t')) > e'. But 
then for all tj < t < tj+i, £{'^{t)) > e^'^e' , so the entire geodescic 7 spends at least (1 — 0)-fraction 
of the time in the compact set {q E Qg : £{q) > e^'^e'}. □ 



4 A Closing Lemma. 

Lemma 4.1 (Closing Lemma) Suppose ICi C Aig is a compact set, and e > 0. Suppose 7 : 
[0,L] Qg is a geodesic segment (parametrized by arclength), such that (p o 7r)(7(0)) G JCi, {p o 
7r)(7(i)) G /Ci and 

\{te[0,L] : £(7(0) > e}| > (1/2)L. 
Then there exists constants cq, c\, Lq, and e' , depending only on e and /Ci such that if L > Lq and 

dr((po7r)(7(0)),(po7r)(7(i))) < cq, 
then there exists a closed geodesic 7' with the following properties: 

(a) 7' is homotopic to the union of ^ and the geodesic segment from 7(£) to 7(0). 

(b) The length of j' is within e of L. 

(c) y passes within ci 0/7(0) (and^{L)). 

Outline of Proof. This is very similar to the proof of Lemma 13.41 In view of the hyperbolicity 
statement (PT|) . there is a neighborhood of 7(0) (of size at most cq where cq is as in Lemma [3.4p 
such that the time L geodesic flow restricted to the neighborhood expands along the leaves of J^"" 
and contracts along the leaves of J^*^, in the metric dn- Then the contraction mapping principle 
(applied first to the map on J^'"* and then to the inverse of the map on J^"") allows us to find a fixed 
point for the geodesic flow near 7(0). □ 
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5 Proof of Theorem 11.11 



In view of Theorem I3.2[ the proof essentiahy reduces to the now standard hyperbohc dynamics 
argument of Margulis |Mar| . see also |KH| . The argument below is not rigorous: its aim is to recall 
some of the key ideas with emphasis on what is different in this setting. We refer the reader to e.g. 
[KHl §20.6] for the missing details of the argument. 

Choose any 9 > 0. Fix a compact set K, C 7^(1,..., 1) such that Theorem 13.21 holds, and 
At(/C) > (1 - e/2). Let e' > be such that £{q) > e' for aU q e IC. Let /Ci = 7r-i(7r(/C)). Let U C K-i 
be a small box in the tangent space Qg. We assume that the Teichmiiller diameter of U is at most 
Co, where cq is as in Lemma 13.41 (with e' instead of e). 

Recall that the geodesic flow on Qg is mixing, i.e. for A,B C {Qg), ^i{gt{A) H B) fa fi{A)fi{B) 
for large values of t. We now want to consider what happens to U under the action of the flow. 
We can think of the action of the geodesic flow as stretching U along J^"" and contracting U along 
J^*'* . Because of the mixing property of the flow, we see the image of U under the flow intersecting 
U many times. 

Let R be large enough that gfi{U) DU has more than one component. We say that a connected 
component is "regular" if for some g G C/, 

\{te[0,R] : p{gtq)&IC}\>il/2)R (43) 



(so that the geodesic segment spends at least half the time in /C). Note that in view of Lemma [3.41 
if (|43)) holds for some q £ U then for all q G U, 

|{ie[0,i?] : p{gtq)elC'}\>{l/3)R (44) 

where K.' D K. is also a compact subset of P(l, . . . , 1). 

It follows from the closing lemma fLemma l4.ip that each regular component connected component 
of the inersection gniU) n U contains exactly one closed geodesic of length between R and R + e, 
where e is related to the diameter of U. Conversely, each closed geodesic of length between R and 
R+e which spends at least half the time in JC belongs to a regular connected component of gfl(C/)nC/. 
Thus, 

Ni{U,R,R + e} < C{U,R) < N2{U,R,R + e), (45) 

where C{U,R) is the number of regular connected components of the intersection gR{U) D J7, 
Ni{U, R, R + e) is the number of closed geodesies of length between R and R + e which inter- 
sect U and spend at least (1 — 0)-fraction of the time in /C, and N2{U, R, R + e) is the number of 
closed geodesies of length between R and R + e which intersect U and spend at least (1 — 26')-fraction 
of the time in JC'. 

Note that the irregular connected components are all contained in the set 

Er = {q : |{t G [0, R] with pigtq) G IC' > eR}\} 

By the ergodic theorem, ij.{Er) — > as i? — j- oo. Thus, for R sufficiently large, most of the measure 
of gnU n J7 is contained in regular connected components. 
Now we can estimate, 

^l{uc^gR{u)) 



CiU, R, R) 
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where A is a single connected component. The flow contracts the measure along by e so 
the area of each component of the intersection has area about n{U)e-^'^. By the mixing property, 
we know that the numerator in the preceding equation is about iJ,{U)^, so we get that 

C{U,R) ^i{U)e''^. (46) 

(In the above we made the simplifying assumption that all regular intersections have the same area. 
This can be removed with a bit of care: see |KH| §20.6] for the details). Combining (|46| with (|45|) 
and Theorem 13.21 we get 

Ni{U,R,R + e) - /i(C/)e''-". 

Let Ni {R, R + e) denote the number of closed geodesies of length between R and R + e which 
spend at least 0-fraction of the time in /C. Of course not all geodesies contributing to Ni{R, R + e) 
will pass through U. To catch all of them, we create a tiling of ICi by boxes Ui. Naively, the number 
of such geodesies of length R passing through Ui is about ^{Ui)e^^, so the total number of geodesies 
is ^ fi{Ui)e^^ = e'^^-^fi{Ui) = e'^^n{JCi) ~ e^^. This is wrong, of course, because a geodesic will 
pass through many boxes. If the width of the boxes is e, and the length of the geodesic is about R, 
and it spends at least 1 — 9 fraction of the time in JCi , we get that each of our paths passed through 
about R/e boxes. This shows that our counting was off by a factor of (1 + 0{9))R/e, so wc get 

m{R, R + 6)^(1 + O(0))e''«/(i?/e) = (1 + O(0))e • e'^^/i?. 

Thus the total number iVi (i?) of geodesies of length less then R which stay at least half the time in 
/C can be estimated as follows: 

1/"= hkeR h{k+l)eR hkeR 

N,{R) = Y^N,ikeRAk+l)eR) ^ (1+O(0))^e^ = (1+0(0)) ^ _^_^-__+0(,e''«/i?) 

k=l k=l k=l ^ ' 

The sum on the right telescopes, and we get 

phR 

N,{R)^{l + 0{e)){l + 0{e)) — . 
Since e > and 6 > are arbitrary, the theorem follows. □ 



A Appendix: Proof of Proposition 12.51 

Let A be a net in Aig, and let A C 7r~^(A) be a net in 7^; in other words, there are constants 
ci, C2 > such that 1) : given X G Tg there exists Z g A such that dxiX, Z) < ci , and 2) : for any 
Zi ^ Z2 G A, we have dT(^i,^2) > C2. In this case 7r(A) — A. Here n : Tg ^ Aig is the natural 
projection to the moduli space. 

We recall that there exists a constant C2 > such that for any X E Tg 

|7r(B(X,T))nA| <C2r6f-6. (47) 

Given X and Y in Tg and r > 0, let Fr(X,Y) denote the intersection of B{X,t) with FY. Propo- 
sition 12.51 will follow from the following: 



20 



Proposition A.l Given e > 0, there exits tq > such that for any t > tq and X,Y GTg we have 



Proof of Proposition 12.51 assuming Proposition lA.ll Suppose X £ Tg is arbitrary, and 
suppose Y G A. Then, by Proposition lA.il for r sufficiently large, 

\B{X,T)r\TY\ < e('*+'/2)^G(r)2. 

Note that 

|rr ns(y,c2)| >cG(r)2. (48) 

Thus, since distinct points in A are are least C2 apart, 

\B{x, r) n rr n A| < ce^^+'^^'>^. 

In view of (|T7)) . this implies that 

\BiX,T) n A| < c'T^S-6e(h+e/2)r < ^(h+e)r ^ 

Now this implies Proposition 12.51 in view of Lemma 12.21 □ 

Proof of Proposition [ATTI Given X E Tg, let £^(X) = y/'Extj{X). Fix a very small eo. Here we 
say 7 is short on X if i-y{X) < eo. Let Ax denote the set of all short simple closed curves on X. 
Given X,Y e Tg, and B d Ax let 

FriX,Y,B) = {gY \g e T,dTiX,gY) < T,AxnAgY = B} d Fr{X,Y). 

Using the method in |ABEM| §10], we have 

\Fr{X,Y,B)\ < Cie('*-l^l)^G(X)G(r). (49) 

Then, in view of (gS]), given Z eTg, B C Az, and 14^ G A, the inequality implies that: 

\B{Z,T)nn-\W)nAB\ < Gie('*-I^I)^G(Z)G(M^)/G(l^)2 

< Gie('*-I^I)"G(Z)/G(iy), (50) 

where Ag = {Zi e A|V7 G B,£^{Zi) < eo} C A. 

Let Ax = {71, • • • 7 7fe} be the set of short simple closed curves on X such that 

ij.iX) >...>£-y,,>e-^>. ..i-y^iX). 

Then 3g — 3 > k > s. Let tq ~ 0, and for i > 1, = — log(i?-,. {X)). Also for 1 < i < s, = — Ti_i , 
rui = h — k + i — I, ds+i = t — Tg, and m^+i ^ h — k. Then it is easy to verify that 

1. 

s+l s+1 

=r, J2m,d, = {h - k + s)r - n . . . - T,,G{X) ^ e^'+-+^-; 

i=l i=l 



21 



2. By Kerckhoff's theorem , for 1 < i < s, 7^, . . . , 7^ are all short in B{X, Ti). 

3. Since 7s+i, • ■ •7fe stay short in B{X,t), again by Kerckhoff's theorem, 

gr, + i+...+r. < G{Y)e^''~'^^, (51) 

for any Y € B{X,t). 
Consider 

r = {{X = Zo,Zi,..., Zs,gY = Zs+i) \Zi, . . . , e A, V z, driZ,, Z,_i) < d,,ge TJ, 
Z = {{Wi,...,Ws) \W,e Am: iB{X,T))}, 

and finally 

ViWi, ...W,) = {{X, Zi, . . . , Z„ .gF) e T' |7r(Z,) = W,}. 

Note that for any {X, Zi, . . . , Z^, Z^+i = gY) gV, Z,G B{X, n). 

On the other hand, since we can approximate a geodesic by points in the net A, we have 

\Fr{X,Y)\<\P\, 

also by the definition, 

PC U ViW). 
wez 

By equation (|17)) we have 

|Z| = O(r^0, 

where Cg < {12g - 12)s < {12g - 12)2. 

Let Zo = X. then for a given Z = Z,^i G A n n^i), B{Z, d,) C n). This implies that 
/i — rrii curves (i.e, the curves in Bi — {7^, . . . , 7^}) are short on B{Z,di). 

Hence equation ([50]) for B ~ Bi, W = Wi, and Z = Wi-i implies that 



n A n d,)l = k~^(i^.) n A^. n B{Z,^,,d,)\ < e"-'^-G(M^,_i)/G(iy,)- (52) 



Now given {Zi,...,Zs) E Z, we can apply ^ for {X, Wi), {Ws-i,Ws). , and apply gS]) 
for {Ws,Y)- We get 

\r{Wi, ...,Ws)\< e"^'*iG(X)/G(W^i) . . . e"'^'''G{Ws-i)/G{Ws)x 

xe™=+i'^»+iG(iy,)G(r) = ""^^^^ G{X)G(Y) = e('*-'=+")^ x e^=+i+-+''''G(r) < 

< e^^G{Y f. 

We are using ([FT]) to obtain the last inequality. Now we have, 

\V\ < \Z\eJ'^G{Yf < T"«e''^G(y)2, 
where Cg = 0{g'^). □ 
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